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Abstract
The fundamental information-theoretic measures (the Re´nyi Rp[ρ] and Tsal-
lis Tp[ρ] entropies, p > 0) of the highly-excited (Rydberg) quantum states of
the D-dimensional (D > 1) hydrogenic systems, which include the Shannon
entropy (p→ 1) and the disequilibrium (p = 2), are analytically determined
by use of the strong asymptotics of the Laguerre orthogonal polynomials
which control the wavefunctions of these states. We first realize that these
quantities are derived from the entropic moments of the quantum-mechanical
probability ρ(~r) densities associated to the Rydberg hydrogenic wavefunc-
tions Ψn,l,{µ}(~r), which are closely connected to the Lp-norms of the associ-
ated Laguerre polynomials. Then, we determine the (n → ∞)-asymptotics
of these norms in terms of the basic parameters of our system (the dimen-
sionality D, the nuclear charge and the hyperquantum numbers (n, l, {µ}) of
the state) by use of recent techniques of approximation theory. Finally, these
three entropic quantities are analytically and numerically discussed in terms
of the basic parameters of the system for various particular states.
Keywords: Entropic uncertainty measures of Shannon, Re´nyi and Tsallis
types, D-dimensional hydrogenic systems, D-dimensional quantum physics,
Rydberg states.
1. Introduction
Rydberg systems are ballooned-up atoms which can be made by exciting
the outermost electron in certain elements, so that all the inner electrons
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can lumped together and regarded, along with the atom’s nucleus, as a uni-
fied core, with the lone remaining electron lying outside [1, 2]. Thus, they
are as if the atom were a hydrogenic system, a heavy version of hydrogen.
Due to their extraordinary properties (high magnetic susceptibility, relatively
long lifetime, high kinetic energy,. . . ) these systems, where the outermost
electrons are highly excited but not ionized, have been used in multiple scien-
tific areas ranging from plasmas and diamagnetism to astrophysics, quantum
chaos and strongly interacting systems. Recently it has been argued that
they might be just the basic elements for processing quantum information
(see e.g., [3, 4]). Indeed, these outsized atoms can be sustained for a long time
in a quantum superposition condition (what is very convenient for creating
qubits) and they can interact strongly with other such atoms; this property
makes them very useful for devising the kind of logic gates needed to process
information.
The D-dimensional hydrogenic system (i.e. an electron or a negatively-
charged particle moving around a nucleus or a positively-charged core which
electromagnetically binds it in its orbit), with D > 1, is the main proto-
type to model the behavior of most multidimensional quantum many-body
systems with standard (D = 3) and non-standard (D 6= 3) dimensional-
ities [5, 6, 7, 8, 9, 10]. It embraces a large variety of three-dimensional
physical systems (e.g., hydrogenic atoms and ions, exotic atoms, antimat-
ter atoms, Rydberg atoms,. . . ) and a number of nanotechnological objects
which have been shown to be very useful in semiconductor nanostructures
(e.g., quantum wells, wires and dots) [11, 12] and quantum computation
(e.g., qubits) [13, 14]. Moreover, it plays a crucial role for the interpretation
of numerous phenomena of quantum cosmology [15] and quantum field the-
ory [5, 17, 16]. As well, the D-dimensional hydrogenic wavefunctions have
been used as complete orthonormal sets for many-body atomic and molec-
ular problems [18, 19, 20] in both position and momentum spaces. Finally,
the existence of non-standard hydrogenic systems has been proved for D < 3
[12, 21] and suggested for D > 3 [7].
The multidimensional extension of Rydberg hydrogenic states (i.e. states
where the electron has a large principal quantum number n, so being highly
excited), with standard and non-standard dimensionalities, has been investi-
gated (see section 5 of [22], and [23, 24, 26, 25]) up until now by means of the
following spreading measures: central moments, variances, logarithmic ex-
2
pectation values, Shannon entropy and Fisher information. These measures
were found to be expressed in terms of the principal and orbital hyperquan-
tum numbers and the space dimensionality D. In this work we go much
beyond this study by calculating the Re´nyi [27] and Tsallis [28] entropies
(also called by information generating functionals [29]) of the Rydberg states
defined by
Rp[ρ] =
1
1− p lnWp[ρ]; 0 < p <∞, (1)
Tp[ρ] =
1
p− 1(1−Wp[ρ]); 0 < p <∞, (2)
where the symbol Wp[ρ] denotes the entropic moments of ρ(~r) defined as
Wp[ρ] =
∫
RD
[ρ(~r)]p d~r = ‖ρ‖pp; p > 0. (3)
The symbol ‖·‖p denotes the Lp-norm for functions: ‖Φ‖p =
(∫
RD |Φ(~r)|pd~r
)1/p
.
Note that both Re´nyi and Tsallis measures include the Shannon entropy,
S[ρ] = limp→1Rp[ρ] = limp→1 Tp[ρ], and the disequilibrium, 〈ρ〉 = exp(R2[ρ]),
as two important particular cases. Moreover, they are interconnected as in-
dicated later on. Their properties have been recently reviewed [25, 30, 31];
see also [32, 33, 34, 35, 36, 37]. Moreover, the Re´nyi entropies and their asso-
ciated uncertainty relations have been widely used to investigate a great deal
of quantum-mechanical properties and phenomena of physical systems and
processes [38, 25, 30], ranging from the quantum-classical correspondence [39]
and quantum entanglement [40] to pattern formation and Brown processes
[41, 42], quantum phase transition [43] and disordered systems [44].
The structure of this work is the following. First, in Section II, we give the
wavefunctions of the stationary D-dimensional hydrogenic states in position
space and their squares, the quantum probability densities ρ (~r). Then we
define the entropic moments and the Re´nyi entropy of this density, and we
show that for the very excited states the calculation of the latter quantity
essentially converts into the determination of the asymptotics of the Lp-
norm of the Laguerre polynomials which control the states’ wavefunctions.
In Section III we use a powerful technique of approximation theory recently
developed by Aptekarev et al [45, 26, 46] to determine these Laguerre norms
in terms of D and the hyperquantum numbers of the system. In Section
IV the Shannon, Re´nyi and Tsallis entropies are studied both analytically
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and numerically for the D-dimensional hydrogenic states by means of D, the
hyperquantum numbers and the nuclear charge Z of the system. Finally,
some concluding remarks are given.
2. The D-dimensional Rydberg problem: entropic formulation
In this section we briefly describe the quantum probability density of the
stationary states of the D-dimensional hydrogenic system in position space.
Then, we pose the determination of the entropic moments and the Re´nyi
entropies of this density in the most appropriate mathematical manner for
our purposes. Atomic units will be used throughout.
The time-independent Schro¨dinger equation of a D-dimensional (D > 1)
hydrogenic system (i.e., an electron moving under the action of the D-
dimensional Coulomb potential V (~r) = −Z
r
) is given by(
−1
2
~∇2D −
Z
r
)
Ψ (~r) = EΨ (~r) , (4)
where ~∇D denotes the D-dimensional gradient operator, Z is the nuclear
charge, and the electronic position vector ~r = (x1, . . . , xD) in hyperspher-
ical units is given as (r, θ1, θ2, . . . , θD−1) ≡ (r,ΩD−1), ΩD−1 ∈ SD−1, where
r ≡ |~r| =
√∑D
i=1 x
2
i ∈ [0 ; +∞) and xi = r
(∏i−1
k=1 sin θk
)
cos θi for 1 ≤ i ≤ D
and with θi ∈ [0 ; pi), i < D − 1, θD−1 ≡ φ ∈ [0 ; 2pi). It is assumed that the
nucleus is located at the origin and, by convention, θD = 0 and the empty
product is the unity. .
It is known [48, 47, 22, 16] that the energies belonging to the discrete spec-
trum are given by
E = − Z
2
2η2
, η = n+
D − 3
2
; n = 1, 2, 3, ..., (5)
and the associated eigenfunction can be expressed as
Ψη,l,{µ}(~r) = Rη,l(r) Yl,{µ}(ΩD−1). (6)
Then, the quantum probability density of a D-dimensional hydrogenic sta-
tionary state (n, l, {µ}) is given by the squared modulus of the position eigen-
function as
ρn,l,{µ}(~r) = ρn,l(r˜) |Yl,{µ}(ΩD−1)|2, (7)
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where the radial part of the density is the univariate function
ρn,l(r˜) = [Rn,l(r)]2 = λ
−d
2η
ω2L+1(r˜)
r˜d−2
[L̂(2L+1)η−L−1(r˜)]2 (8)
with L, defined as the “grand orbital angular momentum quantum number”,
and the adimensional parameter r˜ given by
L = l +
D − 3
2
, l = 0, 1, 2, . . . (9)
r˜ =
r
λ
, λ =
η
2Z
. (10)
The symbols L(α)n (x) and L̂(α)n (x) denote the orthogonal and orthonormal,
respectively, Laguerre polynomials with respect to the weight ωα(x) = x
αe−x
on the interval [0,∞), so that
L̂(α)m (x) =
(
m!
Γ(m+ α + 1)
)1/2
L(α)m (x), (11)
and finally
Kη,L = λ
−D
2
{
(η − L− 1)!
2η(η + L)!
} 1
2
=

(
2Z
n+ D−3
2
)D
(n− l − 1)!
2
(
n+ D−3
2
)
(n+ l +D − 3)!

1
2
≡ Kn,l
(12)
represents the normalization constant which ensures that
∫ ∣∣Ψη,l,{µ}(~r)∣∣2 d~r =
1. The angular eigenfunctions are the hyperspherical harmonics, Yl,{µ}(ΩD−1),
defined as
Yl,{µ}(ΩD−1) = Nl,{µ}eimφ ×
D−2∏
j=1
C(αj+µj+1)µj−µj+1 (cos θj)(sin θj)µj+1
with the normalization constant
N 2l,{µ} =
1
2pi
×
D−2∏
j=1
(αj + µj)(µj − µj+1)![Γ(αj + µj+1)]2
pi 21−2αj−2µj+1Γ(2αj + µj + µj+1)
,
where the symbol Cλn(t) denotes the Gegenbauer polynomial of degree n and
parameter λ.
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Now we can calculate any spreading measure of the D-dimensional hy-
drogenic system beyond the known the variance and the ordinary moments
(or radial expectation values) of its density, which are already known [22].
The most relevant spreading quantities are the entropic moments Wp[ρn,l,{µ}],
because they characterize the density and moreover we can obtain from them
the main entropic measures of the system such as the Re´nyi, Shannon and
Tsallis entropies. They are given as
Wp[ρn,l,{µ}] =
∫
RD
[ρn,l,{µ}(~r)]p d~r
=
∞∫
0
[ρn,l(r)]
p rD−1 dr × Λl,{µ}(ΩD−1), (13)
where we have used that the volume element is
d~r = rD−1dr dΩD−1, dΩD−1 =
(
D−2∏
j=1
sin2αj θj
)
dφ,
(with 2αj = D − j − 1) and the angular part is given by
Λl,{µ}(ΩD−1) =
∫
SD−1
|Yl,{µ}(ΩD−1)|2p dΩD−1. (14)
Then, from Eqs. (1) and (13) we can obtain the Re´nyi entropies of the
D-dimensional hydrogenic state (n, l, {µ}) as follows
Rp[ρn,l,{µ}] = Rp[ρn,l] +Rp[Yl,{µ}], (15)
where Rp[ρn,l] denotes the radial part
Rp[ρn,l] =
1
1− p ln
∫ ∞
0
[ρn,l]
prD−1 dr, (16)
and Rp[Yl,{µ}] denotes the angular part
Rp[Yl,{µ}] = 1
1− p ln Λl,{µ}(ΩD−1). (17)
In this work we are interested in the entropic properties of the high extreme
region of the system, embracing the highly and very highly excited (Ryd-
berg) states (recently shown to be experimentally accessible [1]) where these
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properties are most difficult to compute because they possess large and very
large values of n. Since the dependence of both the entropic moments and the
Re´nyi entropies on the principal hyperquantum number n is concentrated in
their radial parts according to Eqs. (13)-(17), the computation of Rp[ρn,l,{µ}]
for the Rydberg states of D-dimensional hydrogenics systems practically re-
duces to determine the value of the radial Re´nyi entropy, Rp[ρn,l], in the
limiting case n → ∞. Moreover, by taking into account the expression (8)
of the radial density and Eqs. (13) and (16), this problem converts into the
study of the asymptotics (n → ∞) of the Lp-norm of the Laguerre polyno-
mials
Nn(α, p, β) =
∞∫
0
([
L̂(α)n (x)
]2
wα(x)
)p
xβ dx , α > −1 , p > 0 , β+pα > −1.
(18)
Indeed, from Eq. (16) one has that the radial Re´nyi entropy can be expressed
as
Rp[ρn,l] =
1
1− p ln
[
ηD(1−p)−p
2D(1−p)+pZD(1−p)
Nn,l(D, p)
]
, (19)
where the norm Nn,l(α, p, β) ≡ Nn,l(D, p) is given by
Nn,l(D, p) =
∞∫
0
([
L̂(α)n−l−1(x)
]2
wα(x)
)p
xβ dx, (20)
with
α = 2L+1 = 2l+D−2 , l = 0, 1, 2, . . . , n−1, p > 0 and β = (2−D)p+D−1
(21)
We note that (21) guarantees the convergence of integral (20); i.e. the condi-
tion β + pα = 2lp+D− 1 > −1 is always satisfied for physically meaningful
values of the parameters.
3. Laguerre Lp-norms and radial entropies: Asymptotics
Let us now study the asymptotics at large n of the Laguerre hydrogenic
norms Nn,l(D, p) given by Eq. (20) in terms of all possible values of the
involved parameters (D, p). It controls the asymptotic values of the radial
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Re´nyi entropy Rp[ρn,l] given by Eq. (19) and, because of Eq. (15), the total
Re´nyi entropy of the Rydberg D-dimensional hydrogenic states. Since the
exact evaluation of these norm-like functionals is a very difficult task, not
yet solved, we will tackle this problem by means of the determination of the
asymptotical behavior (i.e., at large n) of the general functional Nn(α, p, β)
by extensive use of the strong asymptotics of Laguerre polynomials. The
results obtained are contained in the following theorem.
Theorem. The asymptotics (n → ∞) of the Laguerre hydrogenic func-
tionals Nn,l(D, p) defined by Eq. (20) are given by the following expressions
for all possible values of D and p > 0:
1. If β > 0, there are two subcases:
(a) If D > 2, then
Nn,l(D, p) = C(β, p) (2(n−l−1))1+β−p (1+o¯(1)), for p ∈
(
0,
D − 1
D − 2
)
(22)
(b) If D = 2 (so, β = 1), then
Nn,l(D, p) =

C(1, p) (2(n− l − 1))2−p (1 + o¯(1)) , p ∈ (0, 2)
ln(n− l − 1) +O(1)
pi2
, p = 2(∗)
CA(p)
pip
(4(n− l − 1)) 23 (2−p)(1 + o¯(1)) p ∈ (2, 5)(
CA(p)
pip42
+ CB(α, 1, p)
)
(n− l − 1)−2, p = 5
CB(α, 1, p) (n− l − 1)−2 , p ∈ (5,∞).
(23)
(*) Cosine-Airy regime
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2. If β = 0 (so, D 6= 2 and p = D−1
D−2), then
Nn,l(D, p) =

C(0, p) (2(n− l − 1))(1−p) (1 + o¯(1)) , p = D−1
D−2
ln(n− l − 1) +O(1)
pi2(n− l − 1) , p = 2, (D = 3)(∗)
(24)
(*)Cosine-Airy regime
3. If β < 0 (so, either p < D−1
D−2 and D < 2 or p >
D−1
D−2 and D > 2), then
Nn,l(D, p) =

C(β, p) (2(n− l − 1))1+β−p (1 + o¯(1)), p ∈ (D−1
D−2 ,
2D
2D−3
)
2 Γ(p+ 1/2) (lnn+O(1))
pip+1/2 Γ(p+ 1) (4(n− l − 1))1+β , p = 2 + 2 β =
2D
2D−3(∗),
CB(α, β, p) (n− l − 1)−(1+β) (1 + o¯(1)), p > 2 + 2 β = 2D2D−3
(25)
(*)Cosine-Bessel regime
where the constants C,CB, CA are given by
C(β, p) :=
2β+1
pip+1/2
Γ(β + 1− p/2) Γ(1− p/2) Γ(p+ 1/2)
Γ(β + 2− p) Γ(1 + p) , (26)
CA(p) :=
∫ +∞
−∞
[
2pi
3
√
2
Ai2
(
−t
3
√
2
2
)]p
dt , (27)
and
CB(α, β, p) := 2
∞∫
0
t2β+1|Jα|2p(2t) dt , (28)
respectively, α = 2l + D − 2 and β = (2−D)p + D − 1. The symbols
Ai(t) and Jα(z) denote the Airy and the Bessel functions (see [49])
defined by
Ai(y) =
3
√
3
pi
A(−3
√
3y), A(t) =
pi
3
√
t
3
[
J−1/3
(
2
(
t
3
) 3
2
)
+ J1/3
(
2
(
t
3
) 3
2
)]
.
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and
Jα(z) =
∞∑
ν=0
(−1)ν
ν! Γ(ν + α + 1)
(z
2
)α+2ν
.
respectively.
Comment : For D = 3 it happens that 2D
2D−3 =
D−1
D−2 = 2, and then the
quantities Nn,l(D, p) are given by the third asymptotical expression
in (25). For higher dimensions one has 2D
2D−3 >
D−1
D−2 , and the three
expressions in (25) hold.
Hints. We use the effective Aptekarev et al’s technique [45, 26, 46] recently
applied for oscillator-like systems. This technique determines the (n→∞)-
asymptotics of the Laguerre hydrogenic norms Nn(α, p, β) by taking care of
the values of the parameters α, β and p. It turns out that the dominant
contribution to the asymptotical value of the integral (18) comes from dif-
ferent regions of integration defined according to the values of the involved
parameters, which characterize various asymptotic regimes. Thus, we have
to use various asymptotical representations for the Laguerre polynomials at
the different scales.
Altogether there are five asymptotical regimes which can give (depending
on α, β and p) the dominant contribution in the asymptotics of Nn(α, p, β).
Three of them exhibit the growth of Nn(α, p, β) as some nth-power law with
an exponent which depends on α, β and p. We call them by Bessel, Airy and
cosine (or oscillatory) regimes, which are characterized by the constants CB,
CA and C, respectively, mentioned above. The Bessel regime corresponds to
the neighborhood of zero (i.e. the left end point of the interval of orthogo-
nality), where the Laguerre polynomials can asymptotically be expressed by
means of Bessel functions (taken for expanding scale of the variable). Then,
at the right of zero (cosine regime) the oscillatory behavior of the polynomi-
als (in the bulk region of zeros location) is modeled asymptotically by means
of the trigonometric functions; and at the neighborhood of the extreme right
of zeros (Airy regime) the asymptotics of the Laguerre polynomials is con-
trolled by Airy functions. Finally, in the neighborhood of the infinity point of
the orthogonality interval the polynomials have growing asymptotics. More-
over, there are regions where these asymptotics match each other. Namely,
asymptotics of the Bessel functions for big arguments match the trigonomet-
ric function, as well as the asymptotics of the Airy functions do the same.
In addition, there are two transition regimes: cosine-Bessel and cosine-
Airy. If the contributions of these regimes dominate in the integral (18), then
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the asymptotics of Nn(α, p, β) besides the degree on n have the factor lnn.
Note also that if these regimes dominate, then the gamma factors in constant
C(β, p) in (26) for the oscillatory cosine regime blow up. For the cosine-Bessel
regime this happens when β + 1 − p/2 = 0, and for the cosine-Airy regime
when 1− p/2 = 0.
4. Information entropies of the D-dimensional Rydberg states
In this section we determine the Re´nyi, Shannon and Tsallis entropies of
the D-dimensional Rydberg hydrogenic states in terms of the spatial dimen-
sion D, the order parameter p, the hyperquantum numbers (n, l, {µ}) and
the nuclear charge Z. First, attention is focussed on the Re´nyi and Shannon
entropies since the Tsallis entropy can be obtained from the Re´nyi one by
means of the relation
Tp[ρ] =
1
1− p [e
(1−p)Rp[ρ] − 1]. (29)
Then, for illustration, we numerically discuss the Re´nyi entropy Rp[ρn,0,0] of
some hydrogenic Rydberg (ns)-states in terms of D, p, n and Z.
Let us start by pointing out that the total Re´nyi entropy Rp[ρn,l,{µ}] of
the Rydberg states can be obtained in a straightforward manner by taking
into account Eq. (15), the values of the radial Re´nyi entropy Rp[ρn,l] derived
from Eq. (19), the asymptotical (n → ∞) values of the Laguerre norms
Nn,l(D, p) given by the previous theorem, and the angular Re´nyi entropy
Rp[Yl,{µ}] given by Eqs. (14) and (17); keep in mind that the angular part of
the Re´nyi entropy does not depend on the principal quantum number n.
What about the Shannon entropy S[ρn,l,{µ}] of the Rydberg hydrogenic
states?. To calculate its value for any stationary state (n, l, {µ}), we take into
account (a) that limp→+1 Rp[ρ] = S[ρ] for any probability density ρ, (b) the
expression (15), (c) the following limiting value of the radial Re´nyi entropy
Rp[ρn,l,{µ}] of the Rydberg hydrogenic states obtained for a fixed dimension
D from (19)-(20) and the previous theorem,
lim
p→+1
Rp[ρn,l] = lim
p→+1
1
1− p ln
[
ηD(1−p)−p
2D(1−p)+pZD(1−p)
C(β, p) (2n)1+β−p
]
= 2D lnn+ (2−D) ln 2 + lnpi −D lnZ +D − 3, (30)
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(d) the condition n >> l and (e) that
lim
p→+1
Rp[Yl,{µ}] = lim
p→+1
1
1− p ln Λl,m(ΩD−1) = S[Yl,{µ}], (31)
(remember (14) and (15) for the first equality) where S[Yl,{µ}] is the Shannon-
entropy functional of the spherical harmonics [50] given by
S[Yl,{µ}] = −
∫
SD−1
[Yl,{µ}]2 ln [Yl,{µ}]2 dΩD−1. (32)
which does not depend on n and can be calculated as indicated in [24]. In
particular, from the previous indications we find the following values
Rp[ρn,0,0] = Rp[ρn,0] +Rp[Y0,0] = Rp[ρn,0] + 1
1− p ln f(p,D) (33)
for p 6= 1, and
S[ρn,0,0] = 2D lnn+(2−D) ln 2+lnpi−D lnZ+D−3+S(Y0,0)+o(1) (34)
for the Re´nyi and Shannon entropy of the (ns)-Rydberg hydrogenic states,
respectively, where f(p,D) and S(Y0,0) have the values (see Appendix A):
f(p,D) =
∫
ΩD−1
|Y0,0(ΩD−1)|2p dΩD−1
= 2D(1−p)pi
1
2
(−Dp+D+p−1)
[
Γ(D)
Γ
(
D+1
2
)]p−1 (35)
and
S(Y0,0) = − lnN 20,0
= D ln 2 +
D − 1
2
lnpi + ln
Γ
(
D+1
2
)
Γ(D)
,
(36)
respectively. Note that limp→+1 11−p ln f(D, p) = S(Y0,0). In the particular
caseD = 3 (i.e., for real hydrogenic systems), one has that limp→+1 11−p ln f(3, p) =
S(Y0,0) = ln(4pi), as expected.
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To conclude and for illustrative purposes, we first numerically investigate
the dependence of the Re´nyi entropy Rp[ρn,0,0] for some Rydberg (ns)-states
on the quantum number n, the order parameter p and the nuclear charge Z.
To start with, we study the variation of the p-th order Re´nyi entropy of these
states in terms of n, within the interval n = 50 − 200, when p is fixed. As
an example, the cases p = 5
4
, 10
7
, 3
4
, 3 for the D-dimensional hydrogenic Ryd-
berg (ns)-states with D = 6, 5, 4, and 2, respectively, are plotted in Fig. 1.
We observe that the behavior of the Re´nyi entropy has always an increasing
character for any dimensionality D > 2.
Then, in Fig. 2, we analyze the dependence of the Re´nyi entropy, Rp[ρ],
on the order p for the Rydberg hydrogenic state (n = 100, l = 1, D = 4). We
observe that the Re´nyi entropy decreases monotonically as the integer order
p is increasing. This behavior indicates that the quantities with the lowest
orders (particularly the cases p = 1 and p = 2, which correspond to the Shan-
non entropy and the disequilibrium or second-order Re´nyi entropy) are most
significant for the quantification of the spreading of the electron distribution
of the system. In fact, this behavior occurs for all the D-dimensional states;
we should expect it since the Re´nyi entropy is defined by (1) as a continuous
and non-increasing function in p.
Later, in Fig. 3, we illustrate the behavior of the Re´nyi entropy, Rp[ρ],
as a function of the atomic number Z of the Rydberg hydrogenic states
(n = 100, l = 0) with (p = 3, D = 2) and (p = 3
4
, D = 4), where Z goes
from 1 (hydrogen) to 103 (lawrencium). We observe that the Re´nyi entropy
decreases monotonically as Z increases, which points out the fact that the
probability distribution of the system tends to separate out from equiproba-
bility more and more as the number of electrons in the nucleus of the atom
increases; so, quantifying the greater complexity of the system as the atomic
number grows.
Finally, we investigate the behavior of the Re´nyi entropy, Rp[ρ], of the Ryd-
berg hydrogenic state as a function of the dimensionality D. We show it in
Fig. 4 for the Rydberg state (n = 100, l = 0) with p = 1
2
and 4 of the hydro-
gen atom with various integer values of the dimensionality D ∈ [50, 200]. We
observe that in both cases the Re´nyi entropy has a monotonically increasing
behavior as D grows, which indicates that the larger the dimension, more
classically the system behaves (or in other words, the closer is the system to
its classical counterpart).
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Figure 1: Variation of the Re´nyi entropy, Rp[ρ], with respect to n for the Rydberg hydro-
genic (ns)-states with (p = 54 , D = 6)(), (p =
10
7 , D = 5)(•)), (p = 34 , D = 4)(◦)) and
(p = 3, D = 2)()).
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Figure 2: Variation of the Re´nyi entropy Rp[ρn,1,0], respectively, with respect to p for the
Rydberg state (n = 100, l = 1) of the hydrogen atom (Z = 1) with D = 4.
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Figure 3: Variation of the Re´nyi entropy, Rp[ρ], with respect to the nuclear charge Z for
the Rydberg hydrogenic state (n = 100, l = 0) of the D-dimensional hydrogen atom with
D = 2() and D = 4(•).
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Figure 4: Variation of the Re´nyi entropy, Rp[ρ], with respect to the dimensionality D for
the Rydberg hydrogenic state (n = 100, l = 0) of the D-dimensional hydrogen atom with
p = 12 () and p = 4(•).
5. Conclusions
In this work we determine the three main entropic measures (Re´nyi, Shan-
non, Tsallis) of the quantum probability density of stationary D-dimensional
Rydberg (n >> 1) hydrogenic states in terms of the basic parameters which
characterize them; namely, the dimensionality D, the hyperquantum num-
bers (n, l, {µ}) and the nuclear charge Z of the system. In fact, the Shannon
and Tsallis entropies can be obtained from the Re´nyi one. The Re´nyi entropy
has been calculated by first decomposing it into two parts of radial and angu-
lar types, and realizing that the angular part does not depend on n, so that
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the true problem to be solved is the calculation of the radial Re´nyi entropy in
the limit of large n. The radial Re´nyi entropy has been shown to be expressed
in terms of the Lp-norms of the Laguerre polynomials which control the Ry-
dberg states we are interested in. Then, the remaining asymptotics of these
Laguerre norms is determined by means of a recent technique of approxima-
tion theory. Finally, we numerically apply this theoretical methodology to
some particular Rydberg hydrogenic states of s and p types. We find that the
Re´nyi entropy monotonically decreases (increases) when the nuclear charge
(the dimensionality) is decreasing (increasing) for some s and p states.
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Appendix A. Calculation of f(p,D) and S(Y0,0)
Let us first calculate the factor f(p,D) which appears in Eq. (33):
f(p,D) =
∫
ΩD−1
|Y0,0(ΩD−1)|2p dΩD−1
=
∫
ΩD−1
(N 20,0)p dΩD−1
= (N 20,0)p 2pi
D−2∏
j=1
√
pi Γ
(
D−j
2
)
Γ
(
1
2
(D − j + 1))
= (2pi)1−p
[
D−2∏
j=1
(D − j − 1)Γ (1
2
(D − j − 1))2
pi 2−D+j+3Γ(D − j − 1)
]p D−2∏
j=1
√
pi Γ
(
D−j
2
)
Γ
(
1
2
(D − j + 1)) ,
= 21−ppi
D
2
(1−p)
[
D−2∏
j=1
Γ
(
1
2
(D − j + 1))
Γ
(
D−j
2
) ]p D−2∏
j=1
Γ
(
D−j
2
)
Γ
(
1
2
(D − j + 1))
= 21−ppi
D
2
(1−p)
[
Γ
(
D
2
)]p−1
(A.1)
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Let us now compute the factor S(Y0,0) which appears in Eq. (34):
S(Y0,0) = − lnN 20,0
= − ln
[
1
2pi
D−2∏
j=1
(D − j − 1)Γ (1
2
(D − j − 1))2
pi 2−D+j+3Γ(D − j − 1)
]
,
= ln 2pi − ln
D−2∏
j=1
Γ
(
1
2
(D − j + 1))√
pi Γ
(
D−j
2
)
= ln 2pi −
(
1− D
2
)
ln pi − ln
D−2∏
j=1
Γ
(
1
2
(D − j + 1))
Γ
(
D−j
2
)
= ln 2pi −
(
1− D
2
)
ln pi − ln Γ
(
D
2
)
= ln 2 +
D
2
lnpi − ln 2
1−Dpi1/2(D − 1)!(
D−1
2
)
!
= D ln 2 +
D − 1
2
ln pi + ln
Γ
(
D+1
2
)
Γ(D)
.
(A.2)
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